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AN AXIOMATIC BASIS FOR QUANTUM MECHANICS 


GIANNI CASSINELLI AND PEKKA LAHTI 

Abstract. In this paper we use the framework of generalized 
probabilistic theories to present two sets of basic assumptions, 
called axioms, for which we show that they lead to the Hilbert 
space formulation of quantum mechanics. The key results in this 
derivation are the co-ordinatization of generalized geometries and 
a theorem of Soler which characterizes Hilbert spaces among the 
orthomodular spaces. A generalized Wigner theorem is applied to 
reduce some of the assumptions of Soler’s theorem to the theory 
of symmetry in quantum mechanics. Since this reduction is only 
partial we also point out the remaining open questions. 

PACS numbers: 03.65.-w 


1. Introduction 

This paper aims to give an overview of the axiomatic basis of quan¬ 
tum mechanics. We show that quantum mechanics on Hilbert space can 
to a large extent be derived from physically motivated assumptions us¬ 
ing either the quantum logic approach or the convexity approach, both 
being examples of general probabilistic theories. The key results in 
these derivations are the coordinatization of generalized geometries, a 
theorem of Soler, and a generalized Wigner theorem. We also point out 
a mathematical assumption, which seems unavoidable but still lacks an 
operational justification. 

The historic paper |1] of Birkhoff and von Neumann, entitled The 
logic of quantum mechanics, marks the beginning of the investigations 
on the mathematical and conceptual foundations of quantum mechan¬ 
ics which go under the title quantum logic. The literature of the field 
is very rich. In addition to the influential lecture notes of Mackey |13] 
we mention here only some representative monographs to indicate the 
diversity of the field [3, [3ni ESI SSI ED ESI ED El] • 

The papers of Ludwig |1T], Mielnik HSISZ], Davies and Lewis |15| . 
and Edwards [HI m [20] have strongly influenced the development 
of the convexity or operational approach to quantum mechanics. In 
addition to the mentioned original papers, the monumental work of 
Ludwig [32] as well as the monographs [SDilS] are valuable sources for 
the physical and mathematical ideas behind the convextity approaches. 
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A closely related approach is the empirical logic framework developed 
by Foulis and Randall to stndy the mannals of physical operations; see, 
for instance, their papers [251 [26] . 

In recent years qnantnm information theory has renewed interest 
in the fonndations of qnantnm mechanics and some new ideas have 
been proposed for an axiomatic fonndations of qnantnm mechanics, 
see, e.g., [mini US] and the many references given therein. Thongh 
interesting, these investigations deal only with the so-called hnite level 
systems. Finite level systems are only a part of qnantnm mechanics, 
leaving open the more general qnestion on the derivability of qnantnm 
mechanics in inhnite dimensional Hilbert space, which is needed, for 
instance, if one assnmes that physical systems exist in fonr dimensional 
spacetime Onr aim is to investigate this problem. 

The strnctnre of the paper is the following. The hrst part of the pa¬ 
per, Sections [2] - 01 discnsses a general probabilistic framework for an 
axiomatic basis of qnantnm mechanics. Section [2] reviews the idea of 
statistical dnality, the concepts of states, experimental fnnctions, op¬ 
erations, and effects, and dehnes the basic strnctnres. We snmmarize 
them in two pairs of axioms, the weaker ones 0] and 01 and the stronger 
ones 121 and 01 concerning the sets of states S and experimental fnnc¬ 
tions E. In Section [3l qnantnm logic is dehned as a pair (S, L), L C E, 
arising from the strnctnre (S, E) of Axioms [H and 01 as specihed farther 
throngh the orthogonality postnlate (Axioms 0]) and an axiom which 
stipnlates the existence of a snfhciently rich family P of pnre states, 
extremal elements in S, expressed as probability measnres on L (Ax¬ 
iom 0]). After exclnding the classical case in Section 13.31 Corollary [H 
conclndes that the fnndamental strnctnre attached to a proper qnan¬ 
tnm system consists of L being an irredncible complete orthomodnlar 
AC lattice where the atoms of L are in a bijective correspondence with 
the pnre states in S. As an alternative approach. Section 01 starts with 
the stronger pair of axioms, |2l and 01 dehning a snbset of operations, 
called hlters, together with a snbset of experimental fnnctions, called 
propositions, and poses the projection postnlate. Axiom [71 to bnild a 
one-to-one onto connections between the sets of hlters and propositions. 
This leads, once again, to the strnctnre of Corollary [H 

The two hnal Sections 01-01 constitnte the second part of the paper. 
There we stndy the problem of realizing the abstract strnctnre (S, E), 
with the snbstrnctnre (P, L) of Corollary [H as the one given by the 
Hilbert space formnlation of qnantnm mechanics. In this realization, 
E is identihed with the set of effect operators (positive nnit bonnded 
operators), L as the extremal elements of E, that is, the projection 
operators, S, via Gleason’s theorem, as the density operators (positive 
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trace one operators), and P as the extremal elements of S, the one¬ 
dimensional projections, with tr [pi?] giving the probability for an effect 
E in state p. 

To obtain the Hilbert space realization of (S, E) we follow the some¬ 
what indirect, and presumably not optimal, method that starts by 
identifying L with the lattice of the closed subspaces of an orthomod- 
ular space over a division ring. Sect. 15.21 Exhibiting an example of a 
finite level non-Hilbertian model with the structure of Corollary [H we 
proceed to apply a theorem of Soler (Sect. 15.3p to fix the orthomodu- 
lar space to be an inhnite dimensional (real, complex, or quaternionic) 
Hilbert space. The hnal Section [H] reduces the assumptions required by 
Soler’s theorem to the idea of symmetry, indicating, at the same time 
an unavoidable assumption whose physical meaning remains yet to be 
clarihed. The choice between real, complex and quaternionic cases is 
briefly discussed at the end of the paper. 


2. Statistical duality and its representation 

2.1. Statistical duality. A general probabilistic formulation of a phys¬ 
ical theory builds on the concepts of states and observables and on the 
idea of statistical causality merging the two entities into a probability 
measure. States are understood as equivalence classes of preparations 
of a physical system, observables as equivalence classes of measure¬ 
ments on it, and the statistical causality claims that any state a and 
any observable E determine a probability measure p{a, E, •) defined on 
a cr-algebra A of subsets of a (nonempty) set fl, with p{a, E, X) giving 
the probability that a result is registered in the set X when a mea¬ 
surement of E is performed on the system prepared in state a. An 
observable E thus goes with a value space H together with the test sets 
X E A within which the results are counted. To emphasize this, we 
may also write (E,f2,.4,) for E. In most applications (12, .4.) is just the 
real Borel space (M,H(M)), or a Cartesian product space (M"',H(M"')), 
or a (Borel) subspace of such spaces. 

Let S and O be the sets of all states and all observables of the 
system. We call the pair (S, O) together with the probability function 
p : (a, E) i-A p(q;, E, •) a statistical duality. In an axiomatic approach 
one aims to introduce physically motivated structures for the sets S and 
O so that the form of the probability measures p(q;, E, •), a G S, E G O, 
gets determined. 


2.2. State space. 
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2.2.1. Convex structure. The set S of states can immediately be equipped 
with a convex structure reflecting the possibility of combining prepa¬ 
rations (and thus states) into new preparations (and thus states) by 
statistically mixing them. Indeed, for any a, G S and 0 < A < 1 one 
may dehne a state {X,a,/3) through the A-convex combination of the 
probability measures p{a, E, •) and p{(3, E, •), E G O, 

(1) p((A,«, /?), E, •) = Xp{a, E, •) + (!- A)p(/3, E, •)• 

The existence of such a state {X,a,f3) is built in the assumption that 
preparations can be statistically mixed to produce new preparations 
and the uniqueness of (A, a, (3) follows from the statistical completeness 
built in the notions of states (as equivalence classes of preparations) 
and observables (as equivalence classes of measurements). 

The existence of the function [0,1] x S x S —)■ S with the property 
(fT|) dehnes what is known as a convex structure, and it is then a math¬ 
ematical convenience to consider S as properly placed in a real vector 
space U so that we may simply write (A, a, (3) = Xa + {1 — X)f3 [63l 
Theorem 2], see also [29l [H] . 

Using (T-convex combinations of probability measures one may also 
introduce cr-convex combinations of states (oj) with weights (A,), A* > 

0) X] = 1) through ^ Xip{ai, E, •), E G O, with the obvious require¬ 
ment that the series Xip{ai,E, X) is convergent for each E,X. If 
there is an a G S such that p{a, E, •) = ^ Xip{ai, E, •) for all E G O, we 
say that a is a a-convex combination of the states (a*) with weights 
(Aj) and we write a = ^ Aia*. Again, if such a state exists it is unique. 
As seen from Theorem [1] below it is a mathematically convenient ide¬ 
alization to assume that the set of states is also closed under a-convex 
combinations. 

The convex structure of S allows the distinction between the pure 
states, the extreme elements of S, and the mixed states, the nonextreme 
elements of S. We let P = ex(S) denote the set of all pure states in 
S. The existence of pure preparations and thus pure states is another 
natural assumption supported equally well by everyday experience as 
well as by sophisticated quantum experiments. 

We summarize the above discussion in the hrst axiom. 

Axiom 1. The set of all states of a physical system described by the 
statistical duality (S, 0,p) forms a convex subset of a real vector space. 

We specify later the assumptions concerning a-convex combinations 
of states as well as the existence of a sufficiently large set of pure states. 

2.2.2. S as a base for a generating cone. Let K = {Aa | A G G 

S} = Ua>oAS C U be the cone dehned by S. We assume now that this 
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cone is a proper cone, that is, K n —K = {0}, and that each 7 G iT, 
7 7 ^ 0, has a nniqne representation as 7 = Aa for some A > 0 and 
a G S. Let V = K — K he the real vector space generated by K 
(possibly a snbspace of U). Then K = 1/+ = {n G IL 1> 0} and S 
is a base of the cone K. The existence of a base for a generating cone 
of a real vector space V is known to be eqnivalent with the existence 
of a strictly positive linear fnnctional on V |22l Lemma 2], We let 
e : IL ^ M be the fnnctional dehned by S so that 

(2) S = {a G |e(a) = 1} 

and call it the intensity fnnctional. 

The physical interpretation attached to S can be extended to the 
positive cone V^: any Xa, A G M^,a! G S, represents a new state of 
the system obtained from a by changing its intensity. The elements of 
S will be distingnished as normalized states, whereas the term ‘state’ 
will be extended to refer to all elements of V^, inclnding the empty 
state, the nnll element of V. The linear operations {a, /3) i-T- a + /5 and 
(A, a) I—)■ Xa, a, (3 G V~^,X G M’*', preserve their original interpretation 
as mixing and intensity changing, respectively. In particnlar, the term 
pure state can thns refer to an element of ex(S) or of ed(lA’'') = {Aa | A G 
G ex(S)}, where ed stands for ‘edge’. This extension will be 
accepted only as a mathematically convenient way of speaking and it 
has no physical implications. 

Let conv(S U —S) denote the convex hnll of the set S U —S. This 
set is convex, absorbing (for any v ^ V there is a A > 0 snch that 
V G Aconv(S U —S)), and balanced (An G conv(S U —S) for all v G 
conv(S U —S) and —1 < A < 1). Therefore its Minkowski fnnctional 
(or gange) ps : ^ K, dehned as 

Ps{v) = inf{A > 0 I n G Aconv(S U — S)}, 

is a seminorm |3S1 Theorem 11.1.4]. Clearly, ps{o() = e{a) for all a G 
and we note that for all n G C 

Ps{v) = inf{e(a) + e{/3) | a, /? G V^, v = a — /3}. 

If this seminorm is a norm, then {V, , S) or jnst {V, S) is a base norm 

space. The following resnlt, dne to Edwards and Gerzon |2I] is now 
crucial: 

Theorem 1. If the set S of all states of the system forms a base for a 
generating cone of a vector space V and is a-convex, then its Minkowski 
functional ps '■ V ^ M. is a norm with respect to which V is a Banach 
space. 
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There is another technical point to be noted. According to a proposi¬ 
tion of Ellis [23], if (y, V~^, S) is a base norm space, then also (V, V+, S) 
(where A denotes the norm closure of a subset A of V) is a base norm 
space and its norm coincides with the norm of (E, S). We note, in 
addition, that S is closed if and only if V~^ is closed. With the risk 
of adding some nonphysical elements in the set S we now formulate 
an alternative stronger assumption concerning the set of states of a 
statistical duality, as first formulated in |15| . 

Axiom 2. The set of all states of a physical system described by the 
statistical duality (S,0,p) is represented by a norm closed generating 
cone V~^ of a base norm Banach space (E, S). 

We have formulated two different axioms concerning the basic as¬ 
sumptions on the set of states, the weaker axiom serving as a starting 
point for the quantum logic approach. Section [S] the stronger axiom 
defining the beginning of the convexity or state space approach. Section 

SI 

2.3. Experimental functions. 

2.3.1. Affine maps S —)■ [0,1]. With every observable (E,r2,A,) G O 
one may consider the family of all ordered pairs {E,X),X G A, called 
experimental pairs. With each such pair we can associate the statement 
‘a measurement of E yields a result in the set X\ denoted by (E, X) and 
called an experimental statement. Then the number p{a, E,X), a G S 
gives the probability for the statement (E, X) to be true in the state a. 
Experimental statements (E, A) and (F,y) are said to be equivalent if 
for all a G S, 

(3) p{a,E,X)=p{a,F,Y). 

This defines an equivalence relation in the set of all experimental state¬ 
ments {(E, A) I E = (E,f2, A) G O, A G A}. Let Eq denote the set of 
all equivalence classes |(E,A)| of the statements (E,A). A given el¬ 
ement of Eq is denoted by a letter a and is called an (experimental) 
proposition. The experimental proposition a is a set of experimental 
statements equivalent among themselves with respect to p. 

There is a fundamental difference between (E, A) and | (E, A) |. Namely, 
(E,A) is nothing more than a statement saying that a measurement 
of E yields a result in A, and it does not depend on p; in contrast, 
|(E, A)| represents the proposition that every two statements (Ei, Ai) 
and (E 2 ,A 2 ) from |(E,A)| are equivalent to (E, A), that is, for every 
a G S, p(q;, Ei,Ai) = p{a, E 2 , X 2 ) = p{a,E,X). The experimental 
proposition |(E, A)| clearly depends on p; it should be written more 
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exactly |(E, X)\p. Hence to specify the proposition |(E, X)\p one has to 
measnre of all the experimental statements (F, Y) and hnd those equiv¬ 
alent to (E,X). Hence the experimental proposition a = |(E,X)|p is a 
subset of all experimental statements depending on p, typically much 
bigger than the one-element set {(E,X)}. 

Each experimental proposition a G Eq dehnes a real valued function, 
experimental function 

(4) /, :S^[0,1], /„(«)= p(«,E,X), (E,X)ea, 

and we let E C [0,1]® denote the set of all such functions. If / G E, 
then /(a), a G S, is the probability that the proposition a = |(E,X)|, 
with / = fa, is true in state a, that is, an E-measurement in state a 
yields a result in X. 

Consistently with the very dehnition ([1]) of mixed states it is natural 
to assume that the experimental functions are affine, that is, we have 
the following axiom. 

Axiom 3. The set E of experimental functions of a statistical duality 
(S, 0,p) is a subset of the set of affine functions S —)■ [0,1]. 

We let 0 and e denote the constant zero and one functions S —?■ [0,1], 
respectively. Clearly, 0, e G E, and if / G E then also /-*■ = e — / G E 
so that for any a G S, f{a) + f^{a) = 1. Moreover, as real valued 
functions, the set E is partially ordered in a natural way, that is, for 
any f,gEFi,f<gii and only if /(a) < g{a) for all a G S, the 
operational content being given by (|1]). 

The set E has the order bounds 0 and e and the mapping E 3 
/ I—)■/-*■ G E is an order reversing involution. However, it is not 
an orthocomplementation, that is, the greatest lower bound of a pair 
(/, /-'-) need not be 0. 

Any observable E can now be represented as an E-valued set func¬ 
tion E : X /|(E,x:)| such that for each « G S, the set function 
X a{f\(E, ,x:)|) = /|(E,x)|(«) = E,A) is a probability measure. 

Moreover, any / G E is in the range of some observable E. In this 
sense the set O of all observables is a surjective set of E-valued set 
functions. 

We shall follow two distinct approaches to specify further the struc¬ 
ture on E. For that end, we already pose the following two dehnitions; 

Definition 1. A sequence (finite or countably infinite) of experimental 
functions fi, f 2 , ■■ ■ is orthogonal if there is an experimental function g 
such that g + fi + f 2 + ■ ■ ■ = e. 
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Definition 2. A sequence (finite or countably infinite) of experimental 
functions fi, / 2 , ■ ■ ■ is pairwise orthogonal if fi + fj < e for all i ^ j, 
hi = 1,2,... 

An orthogonal sequence is pairwise orthogonal but in general not 
conversely. Still the concepts of orthogonality and pairwise orthogo¬ 
nality have the following common property; if for some state a one of 
the experimental statements fi is true, that is, fi{a) = 1, then all the 
other experimental statements are false in that state, that is, fj{a) = 0 
for all j 7 ^ i. This supports the hypothesis that the statistical duality 
(S, 0,p) might have a substructure where the two notions coincide; we 
return to that in Sect. [3l 

2.3.2. Positive unit bounded functionals on V. Further properties of 
experimental functions can be obtained under the assumption of Ax¬ 
iom [21 Indeed, in this case any / G E has a unique extension to a 
positive continuous linear functional on V bounded by e. We denote 
this extension with the same symbol /. In this case, the set E of ex¬ 
perimental functions is thus a subset of the order interval [ 0 , e] of the 
order unit Banach space (E*, [0, e]). With the risk of adding some new 
elements in the set O of all observables one could assume that actu¬ 
ally E = [0,e]E| We express also this stronger assumption concerning 
experimental functions as a further possible axiom. 

Axiom 4. The set E of all experimental functions coincides with the 
order interval [0, e] of the dual Banach space of (E, S). 

This axiom has a simple but important consequence: for any two 
/, S' e E, if / < then also f + g Clearly, then f,g < f + g, 

but this does not mean that their smallest upper bound f y g would 
exist in E, and even if it would exist, it need not equal to f + g. 

Another important structure of the set E arising from Axiom 0] is 
its convexity; for any /, o' G E and 0 < A < 1, A/ -|- (1 — \)g G 
E. Since the order interval E C E* is also compact (by the Banach- 
Alaoglu theorem), the Krein-Milman theorem says that the closure 
of the convex hull of the extremal elements of E is the whole set of 
experimental functions, that is, conv(ex(E)) = E. 

2.4. Operations. The number p{a, E, X) = /|(e,x:)|(q;) is the probabil¬ 
ity that a measurement of E G O in the state a G S leads to a result in 
the set X G A. Such a measurement may destroy the system or, in any 
case, cause a change in its state. In addition to such a forced change 

^Clearly, this assumption could also be posed under Axiom |T] but we refrain of 
doing it. 




the system may also experience a spontaneous change, for instance, in 
the course of its time evolution. 

To describe such state changes we now build on axioms [2] and 01 It is 
also convenient to allow the possibility that the intensity of a state may 
change in the process: 3 a ^ a' & V~^, including the possibility 

that a' = 0, that is, the system gets destroyed in the intervention. We 
consider only such changes on the system which can be described by 
functions V~^ 3 a ^ (pict) G with the obvious interpretation that 
a is the state of the system before the change and (j){a) its state after 
the change. Various types of state changes a e-)■ (p{a) may occur in 
realistic physical situations. 

We restrict our consideration only to such state changes where the 
intensity of the state is not increasing, that is, we assume that for each 
state a G V~^, 

(5) e{(j){a)) < e{a). 

Consider then a mixed state (3 = Aicri + A 2 a 2 , with Ai, A 2 G M+ and 
ai,a !2 £ In a change (j) the state f3 transforms to ^(/3) whereas 
the states ai, 0:2 transform to 0(ai) and 0 ( 0 : 2 ) of which one may form 
the mixture Ai0(q;i) + A20(a2)- There are physical situations where 
the state 0 (AiQ:i + A 2 a 2 ) niay differ from the state Ai0(q;i) + A 20 (a 2)0 
Again, we restrict our attention only to such changes 0 for which these 
states are always the same, that is, for any Ai, A 2 G M"*", oi, 0:2 G V~^, 

(6) 0(Aiai + A2a;2) = Ai0(ai) + A20(a2)- 

It is again a simple exercise to check that any map 0 : V~^ -3 V~^ with 
the properties ([5]) and ([6]) has a unique extension to a positive linear 
contracting mapping of V into V. We denote this extension by the 
same letter 0 and we call such mappings operations. 

Let O be the set of all operations. The sequential application of 
any two operations dehnes a new operation giving O the structure of a 
noncommutative semigroup. Another physically relevant structure of 
O is that of convexity, for any two 0i, 02 G O and for any 0 < A < 1, 
A01 + (1 — A)02 G O, which allows one to single out the extremal 
operations, that is, operations that cannot be obtained as nontrivial 
mixings of any other operations. 

An operation 0 G CA, when combined with the intensity functional 
e, dehnes an experimental function e o 0 G E. On the other hand, if 
/ G E, then hxing a 0 G S and dehning 0(a;) = f{a)j3, a G V, one 
observes that cj) ^ O and e o 0 = /. The set of functionals e o 0, 0 g O, 

^The paper of Mielnik [IS] contains an extensive analysis of possible state 
changes, including some nonlinear processes. 
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thus coincides with the set of experimental functions. Due to this 
coincidence, the experimental functions are also called effects: / G E 
is the effect of any operation cf & O such that f = e o cf. Extremal 
elements of E are called decision effects or sharp effects; hence, an effect 
is either sharp (extremal) or unsharp (non-extremal). 

Let / be a decision effect. If / = e o (A^i -t- (1 — X)(p2), for some 
01, ^2 G O, A G [0,1], then eo0i = eo02, that is, the operations 0 i and 
02 are isotonic. Actually, the relation eo0 = eo0, 0,0 G C?, dehnes an 
equivalence relation in O and one may immediately conhrm that there 
is a one-to-one onto correspondence between the set of effects and the 
isotony classes of operations. We let [0]j denote the isotony class of 
operations 0 G O associated with the effect / G E. 

One may now define an instrument as an operation valued set func¬ 
tion Ab X 0x G O for which X eo (fx is an observable, that is, 
X I—)■ e{(px{o:)) is a probability measure for each a G S. By dehnition, 
any instrument dehnes an observable, but the converse holds also; any 
observable E arises from some instrument such that E(X) = e o (fx- 
Calling two instruments isotonic if they dehne the same observable one 
again has that the isotony classes of instruments are in one-to-one onto 
correspondence with the observables of the system. 

Preparing the system in a state a G S, acting on it by an operation 
0 G C>, and detecting the (probabilistic) effect e o 0 g E comprises 
the main steps in the operational approach built on the statistical du¬ 
ality of states and observables. To specify further stuctures of the 
description (S, O, E) one may proceed in many different ways by pos¬ 
ing fadditional conditions on any of the sets S, O, or E. The remark 
below is an indication how to reach classical descriptions out of this 
general probabilistic model. Our aim is to pose conditions which lead 
to quantum descriptions. 

Remark 1. The space V is ordered by the cone V~^ defined by the base 
S. If this order is a lattice order, then S is a (Choquet) simplex [1], 
a structure considered to be characteristic of classical descriptions. If 
V = V~^ — is a vector lattice, then also its dual V* is a vector 

lattice. In this case also the order interval E zs a lattice and the set 
ex(E) of extremal effects is a Boolean lattice with f f^ = o — f 
as the orthocomplementation [52] - another characteristic of classical 
descriptions. 

In the next two chapters we shall follow two different approaches 
to specify further the statistical duality (S,0,p). We start with an 
approach based on axioms [T] and |3l In Section 0] we build on the 
stronger axioms | 2 ] and 01 
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3. Quantum logic 

The Mackey approach to quantum logic can be viewed as a fur¬ 
ther specification of the structures arising from the statistical duality 
(S,0,p) with assuming, in the first instance, the existence of a suffi¬ 
ciently large subset of observables O C O for which the order structure 
of the resulting subset of experimental functions gets sufficiently regu¬ 
lar. In this section we discuss assumptions of this kind. We stress once 
more that here we assume only that the set of states is convex and we 
allow the possibility that the set of experimental functions is a subset 
of the set of affine functions S —)■ [0, 1]. 

3.1. Orthogonality postulate. Any subset of the set O of all ob¬ 
servables defines the corresponding subsets of the sets Eq and E. The 
basic assumption of the Mackey approach to quantum logic (Mackey’s 
[33] Axiom V) can now be restated as the requirement on the exis¬ 
tence of a (nonempty) subset O C O such that in the resulting subset 
L C E of the experimental functions the two notions of Definitions [D 
and [2] coincide. We call this assumption the orthogonality postulate and 
formulate it as a further axiom. 

Axiom 5. The set O of observables of the statistical duality (S, 0,p) 
contains a (nonempty) subset O such that in the resulting set L of 
experimental functions a sequence /i, /2,... G L is orthogonal (in L) if 
and only if it is pairwise orthogonal (in L). 

This axiom has important implications in the order structure of the 
set L. First of all, it guarantees that for any two mutually orthogonal 
elements f,g & L also f + g & h. Moreover, it implies that the map 
/ i-A /■*■ is an orthocomplenientation and it turns (L, <,-*■) into an 
orthomodular cr-orthocomplemented partially ordered set, with 0,e G 
L as the order bounds. 

Though obvious, we note that for any two /, G L, the set of their 
lower (upper) bounds in L is smaller than the corresponding set in E. 
Therefore, f A g may exists in L without existing in E. 

Theorem 2. fMaczvnski.\AA\ } Let (S,0,p) be a statistieal duality and 
let O be a (nonempty) subset of O such that the associated set L of 
experimental functions satisfies Axiom 0 The set L is an orthocom- 
plemented orthomodular a-orthocomplete partially ordered set with re¬ 
spect to the natural order of real functions and the complementation 

n = e-f. 
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Proof. Clearly, L is partially ordered by < and 0, e G L. With / G L 
also /■*■ = e — / G L, and L 9 / i—)■ /-'- G L is an order reversing 
involntion. 

Let /i ,/2 G L and assnnie that fi + f 2 < e. Then by Axiom [5] 
/ = /i + /2 G L. To show that / is the least npper bonnd of fi 
and /2 in L, assnme that G L is snch that fi < g and /2 < g. 
Then also fi + g^<e and f 2 + g^<& and thns /i + /2 + S'-*- G L 
so that /i + /2 < < 7 , that is /i + /2 = /i Vl / 2 - By indnction one 
shows that /i + ■ ■ ■ + /n = /i Vl ■ • • Vl /n for any pairwise orthogonal 
set {fi, ■ ■ ■, fn} C L. Let (/j) be a seqnence of mntnally orthogonal 
elements in L so that by assnmption / = /i + /2 + • • • G L. Clearly, 
for each i. Let G L be snch that fi<g for all i. Since for any 

n, /i H-h /n = /i Vl ■ • • Vl /n we thns have /i H- \- fn < g ioi any 

n = 1 , 2 ,... and therefore f = fi + f 2 + ■ ■ ■ ^ g- 

For any / G L, / + /-'- < e and thns e = / + /-'- = / Vl f'^- By de 
Morgan laws we also have / Al /■*■ = 0 for any / G L. This conclndes 
the proof that L is orthocomplemented and cr-orthocomplete. 

To show orthomodnlarity, we need to show that for f < g, f, g E h, 
one has ^ = /Vl(^Al/^). If / < ^, then/VL^^ = f + g^ = f + {e-g) 
and h = (/ Vl g'^)'^ = — / G L. Hence f + h = g < e and thns 

/Vnh = f + h so that /Vl(^Al/-^) = /Vl(/Vl5 '“^)“^ = f + h = g. □ 

We call L the logic of p. Henceforth we simply write f Ag for /, G L 
instead of f A-^g, and similarly for fVg, whenever the meet (join) exists 

in L. 

Remark 2. Consider an/GL, 07 ^/ 7 ^e, and assnme that A/ G L 
for some 0 < A < 1. Since A/ < /, then A/ + (e — /) G L, and hence 
e-(A/ + (e-/)) = (1-A)/ G L. Since A/+(l-A)/ = / < e, also A/ 
and (1 — A)/ are pairwise orthogonal so that their snm shonld eqnal to 
their least npper bonnd in L, which is a contradiction. In particnlar, 
L is not convex. 

Each observable E = (E,f2,Al) G O determines a nniqne L-valned 
measnre Me : AL defined by Me(W) = /|(e,v)|- By Theorem [21 Me 
is in fact a cr-homomorphism implying, in particnlar, that Me(VI) is a 
Boolean snb-a-algebra of L. We identify Me with E. 

Each state a G S determines a nniqne probability measnre rua '■ 
L -A- [0,1] defined by ma{f) = f{a), meaning, in particnlar, that for 
any pairwise orthogonal seqnence (/j) in L, maif/ifi) = 

Again, we identify rria with a. 

The family of L-valned measnres Me, E G O, is surjective (that is, 
any / G L is of the form / = Me(W) for some Me(W)), and the family 
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of probability measures ma,Oi G S, is order determining, that is, for 
any /, o' G L, / < o' if and only if ma{f) < ma{g) for all a G S. For 
each a G S, E G O, X G ^ we have 

p(a,E,X) = m„(ME(X)). 

We note that also the converse result is true: If L is an arbitrary 
orthocomplemented partially ordered set admitting an order determin¬ 
ing set of probability measure S, and O is a surjective set of L-valued 
measures, then the function p defined as p(a, M,X) = q:(M(X)) for 
all a G S, M G O, X G is a probability function satisfying the 
orthogonality postulate and the logic of p is isomorphic to L |44) . 

The sets Lq and L of experimental propositions and functions are 
in one-to-one onto correspondence and one may immediately trans¬ 
form the order and complementation of L to Lq: for any a,b G Lq, 
a < b if and only if fa < fb, and we let a-*- stand for the proposition 
corresponding to the function e — fa- Thus, under the assumption of 
Axiom [5l we may equally well consider Lq as an orthocomplemented 
cr-orthocomplete orthomodular partially ordered set (of propositions), 
with S as an order determining set of probability measures of Lq. From 
now on we do not distinguish between Lq and L and we also inter¬ 
changeably consider the elements of L as functions on S and the el¬ 
ements of S as functions on L: a{a) = a{a). Also, together with L 
we always mean the structure (L, <,■’■), with the order bounds 0 and 
e, corresponding to the absurd (always false) and trivial (always true) 
propositions. Moreover, we view the observables (E,r2,M) G O as L- 
valued measures and we recall that for each a G L there is an observable 
E G O and a set X G M such that a = E(X). 

An important technical assumption concerning the structure of L is 
the separability o/L; this is the property that any pairwise orthogonal 
sequence (a*) G L is at most countably infinite. This structure has 
the following measurement theoretical justihcation. The range E(M) of 
any observable E G O is a Boolean sub-cr-algebra of L. If the value 
space (n, M) of E G O is a subspace of the real Borel space (M”, ;B(M”)), 
for some n = 1,2,..., then the Boolean cr-algebra E(M) is separable. 
By the classic Loomis-Sikorski theorem, any separable Boolean sub-cr- 
algebra S C L is the range of some (real valued) observable E ; i3(M) 

L [M]. If the logic L is separable then any Boolean sub-cr-algebra of L 
is also separable and thus appears as the range of an observable. With 
this motivation we pose the following assumption; 

Separability of the logic: Any orthogonal sequence (a*) C L is 
at most countably infinite. 
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We call the pair (S,L) the logic of the statistical duality (S,0,p) 
associated with a subset O of observables satisfying the orthogonality 
postulate, Axiom [5l We also assume that the logic is separable. 

3.2. Further specifications. The set S of states is convex and it 
determines the order on L. We now assume that pure states exist. 
Moreover, we assume that there are sufficiently many so that each 
a G L, a 7 ^ 0, can be realized in some pure state, that is, there is an 
a G P such that a{a) = 1. 

Sufficiency of pure states: For any a G L, a 7 ^ 0, there is an 
a G P such that a{a) = 1. 

The Jauch-Piron propertjH is a further important property of the 
logic (S,L); 

The Jauch-Piron property: For any a, & G L, if a{a) = a{b) = 1 
for some a G S, then there exists a c G L such that c < a, c < b 
and a{c) = 1 . 

These two assumptions have strong structural implications. To state 
the relevant result we recall that an element a G L is the support of 
the state a G S if a(a) = 1 and for any & G L the condition a{b) = 1 
implies b > a, that is, a, if exists, is the smallest proposition which 
is true (in the sense of probabilistic certainty) in the state a. If the 
support of a exists it is unique and we donote it by s(a). 

Theorem 3. If the set S of states of the logic (S, L) contains a suffi¬ 
cient set P of pure states and satisfies the Jauch-Piron property then 
L zs a complete orthocomplemented orthomodular lattice. Each state 
a G S has a support s(a) G L and each a G L, a 7 ^ 0, is a support of 
some state a G S. 

Proofj^ We show hrst that each a G S has a support in L. If a{a) 7 ^ 0 
for any a G L, then a{a) < 1 for each a 7 ^ 1, meaning that s(a) = 1. 
If {a G L I a{a) = 0} 7 ^ {0}, we choose by Zorn’s lemma a maximal 
orthogonal family in this set. By the separability of L this family 
is at most countably inhnite. Hence there is a maximal orthogonal 
sequence (aj)j>i with 0 ( 0 *) = 0 for all i. Let a = ViOi and observe 
that a(a) = 0. To establish that a-*- = s(a), we show that for any 
X G L, a(x) = 0 if an only if x T o"*-, that is, x < a. If x < a, then 

^This property has independently been introduced in |66| and |34| and it is 
known to be equivalent to the fact that each a G S has a (unique) support in L [31 
Theorem 11.4.3]. 

^Our proof is an adaption of the corresponding results in |3]. Another source 
leading to this conclusion is given by the results of Section 2.5.2 of |56| . 
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a{x) < a{a) = 0. To show the converse, assume that a{x) = 0. By the 
(dual) Jauch-Piron property there is a c G L such that x < c,a < c and 
a{c) = 0. If X ^ a then c ^ a (since otherwise a = c> x) and thus, by 
orthomodularity c = a V (c A a^). Therefore, a{c) = a{a) + a{c A a^) 
and thus a{c A a-*") = 0. Since c A a-*- is orthogonal to each we may 
expand the maximal orthogonal sequence (a*), which is a contradiction. 
Hence, x < a, showing that a-*- = s(q;). 

We show next that each aG L, 07 ^ 0 , is the support of some a G S. 
Let iy(a) = {x G L I X = s(q;) for some a such that a{a) = 1}. By the 
sufficiency of P this is a nonempty set. Moreover, if x G IT(a), x = 5 ( 0 ) 
and a{a) = 1 then x < a. Let (xj) be a maximal (countable) orthogonal 
sequence in W{a) and dehne b = VjXj (so that b < a). As above, if 
b ^ a, then a A b-^ would be an element in W (a) pairwise orthogonal 
with each Xj, which is not possible. Thus VjXj = a. Since any x* is the 
support of some a* (for which a, (a) = 1 ), then a is the support of all 
the convex combinations ^ rCjXj (with all tCj > 0). 

It remains to be shown that L is a complete lattice. Let a, 6 G L, 
a 7 ^ 0 7 ^ f) (if a or b is 0 the supremum and inhmum exist trivially). 
Let a,/3 G S be such that s{a) = a,s{f3) = b, and consider the state 
7 = Aa + (1 — X)/3 for some 0 7 ^ A 7 ^ 1. Clearly 5(7) = a\/ b. By 
De Morgan laws one gets the dual result. It is well-known that every 
separable orthomodular cr-orthocomplete lattice is complete, see e.g. 
[5^ Lemma 2.5.2f]. □ 

There are three further important properties the logic (S, L) must 
possess in order to provide a geometric representation of the elements 
of L as subspaces of a vector space. The hrst property is the atomicity: 
L is atomic if every a G L, a 7 ^ 0, contains an atom. We recall that an 
element p G L is an atom if for any a G L, a 7 ^ 0, the condition a < p 
implies a = p. We let At(L) denote the set of atoms in L. 

To get the atomicity of L we pose the following assumption concern¬ 
ing the identihcation of pure states. In Section 0] this assumption is 
formulated in terms of operations and it forms a part of the projection 
postulate. 

Identification of pure states: Let a G P. For any /5 G S, if 
f{s{cx)) = 1 then jS = a. 

Proposition 1 . With the assumptions of Theorem 0, the identification 
of pure states implies that the support of any pure state is an atom. 
Moreover, L is atomic and the map P 9 a i-A 5 ( 0 ) G At(L) is a 
bijection. 
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Proof. Let p = s(a) be the support of a G P and let a G L, a 7 ^ 0, 
be such that a < p. Since a 7 ^ 0 there is a /3 G P such that (3{a) = 1. 
From a < p one then gets f3{p) = 1, which means that /3 = a. Since 
0 - > s(/?) and s(/3) = s(q;) = p, one has a > p and thus a = p, that is, 
p is an atom. 

For a G L,a 7 ^ 0, there is a a G P such that a{a) = 1. Therefore 
s(q;) < a, showing that L is atomic. 

We leave it as an exercise to show that the mapping P 3 a —)> s(q;) G 
At(L) is injective and surjective. □ 

The second ingredient required to establish the vector space realiza¬ 
tion is the covering property: for any a G L and p G At(L), if a/\p = 0, 
then a V p covers a, that is, for any 6 G L, if a < fe < a V p, then b = a 
or 6 = a V p. Since L is an atomic lattice the covering property can 
equivalently be formalized as follows: for any a G L,p G At(L), the 
element (a V p) A a-*- is either an atom or 0 [561 Prop. 3.2.17]. To ob¬ 
tain the covering property for (S, L) we adapt a part of the projection 
postulate reflecting the possibility of actualizing potential properties 
with minimal disturbance. In Section S] we present a full formulation of 
this postulate together with an elucidation of its physical motivation. 
The ideality assumption (II) of a Alter given there corresponds to the 
following minimal disturbance requirement. 

Minimal disturbance: If a G P, a G L, and a{a) 7 ^ 0, then there 
exists a pure state /5 G P such that /3(a) = 1, that is, s(/3) < a, 
and a{s{(3)) = a{a). 

Proposition 2. (Bugajska, Bugajski, [6]j With the assumptions of 
Theorem 0 and the identification of the pure states, the minimal dis¬ 
turbance implies the covering property. 

Proof. Let p G At(L),a G L and p = s{a). Let ai and 02 be the 
pure states such that a{a) = 0(5(01)) and o(a-‘“) = 0(5(02)) as given 
by the minimal disturbance. Clearly, 0(5(01) V 5(02)) = 1, so that 
P < 'S(oi) V 5(02) and py < 5(01) V a^. Hence (p V a-*-) A a < 
(5(01) V a-*-) A a = 5(01), which means that (p V a-^) A a is either the 
atom 5(01) or 0, that is, the covering property holds in L. □ 

We collect the above assumptions concerning the set of states of the 
logic in the form of an axiom. 

Axiom 6. The set S of states of the logic (S,L), with a separable L, 
has a sufficient set of pure states, the Jauch-Piron property, and it 
allows the identification of pure states and the minimal disturbance. 
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An atomic lattice with covering property is often referred to as an 
AC lattice. We may thus conclude that Axioms [S] and [B] imply that L 
is a complete orthomodular AC lattice and that the support function 
gives a bijective correspondence between the sets P and At(L). 

The hnal ingredient required to establish a geometric representation 
of (S, L) is the irreducibility of L. 

3.3. The classical case excluded. There are various features of quan¬ 
tum mechanicsthat have been elevated to the status of fundamental 
principles of the theory. These include the notions of superposition, 
complementarity, uncertainty, entanglement, nonunique deconiposabil- 
ity and purihcation of mixed states, and irreducibility of probabilities, 
which are unquestionably among the most widely discussed character¬ 
istic traits of quantum mechanics. In Remark [T] the unique decompos- 
ability of mixed states into its pure components is seen to be closely 
related to a classical description and it goes hand in hand with the 
Boolean structure of the set of decision effects. Here we discuss briefly 
the notions of superposition and complementarity to show that for a 
proper quantum system the logic L is far from being Boolean. We can 
draw on the full structure of the pair (S, L) introduced in the preced¬ 
ing subsections 13.11 and 13.21 even though not all of it is actually needed 
here. 

Superpositions. There are several formulations of the notion of super¬ 
position in quantum logic. We adopt the following dehnition taken 
from [Ml p. 53] as a formalization of the intuitive ideas of Dirac |17) : 

Definition 3. A pure state a & P is a superposition of pure states 
ai, a 2 ^ P if and only if ai{a) = 02 ( 0 ) = 1 implies a{a) = 1 for every 
a G L. Equivalently, a pure state a is a superposition of pure states a\ 
and 02 if and only if s{a) < s(a;i) V 5 ( 02 ) ■ 

Instead of stating directly a superposition principle we give the fol¬ 
lowing dehnition: 

A physical system with the structure (S, L) is a proper quantum 
system if for every two pure states a, /5 G P, a 7 ^ /3, there exists 
a third one 7 G P, a 7 ^ 7 7 ^ /5, which is their superposition. 

It is then a simple, but important consequence that the logic of a proper 
quantum system is irreducible, that is, the centre of L 

Cent(L) = {c G L I a = (a A c) V (a A c^) for any a G L} 

contains only the trivial elements 0 and e. (For a proof, see e.g. [561 
Cor. 3.2.4].) 
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Remark 3. Note that if c G Cent(L), then for any a G L, there is an 
observable E G O such that c = E(X) and a = E(y) for some value sets 
X and Y. Thus for a proper quantum system there is no (nontrivial) 
proposition (or property) that could be measured together with evry 
other proposition (or property). By contrast, if Cent(L) = L, the set 
L forms a Boolean cr-algebra for which the theorems of Stone j62] and 
Loomis |4U| and Sikorski [M] give a representation as a cx-algebra A of 
subsets of a set hi. 

Remark 4. If a pure state a is a superposition of pure states /3 and 7 , 
then also /9 is a superposition of a and 7 , and likewise 7 is a superposi¬ 
tion of a and (3. This is the exchange property and it is often included 
in the notion of superposition of states. In the present context this 
property is equivalent to the covering property, obtained above from 
the projection postulate. For a proof, see e.g. [56l Prop. 3.2.17]. 

Complementarity. The existence of pairs of complementary observables 
is another fundamental feature of quantum mechanics. Following the 
ideas of Bohr [S] we say that two observables are complementary if 
all the experimental arrangements which unambiguously dehne these 
observables are mutually exclusive. Again, there are various ways of 
formalizing this intuitive idea. We adopt the following dehnition ap¬ 
propriate to the logic (S,L). 

Definition 4. Properties a, & G L are complementary if they are dis¬ 
joint, that is, a A b = 0, but not orthogonal, that is, a ^ b^. Equiv¬ 
alently, a, fe G L are complementary, if for any a G S, the condition 
a{a) = 1 implies 0 7^ a{h) 7^ 1 , and the condition a{b) = 1 implies 
0 7 ^ a{a) 7 ^ 1 . 

In a Boolean logic, the conditions aAb = 0 and a < b-^ are equivalent. 
This means that if there are complementary properties in L then L 
cannot be Boolean. 

It is a simple exercise to show that L is irreducible if for any a G L, 
a 7 ^ 0, e, there is a & G L such that a and b are complementary. As an 
alternative to the previous dehnition, we could call a physical system 
with the structure (S, L) a proper quantum system if for any a G L, 
a 7 ^ 0, e, there is a & G L such that a and b are complementary. It then 
follows that for a proper quantum system the logic L is irreducible. 

We summarize the main result of this section. 

Corollary 1. Let (S, 0,p) be the statistical duality satisfying AxiomsU\ 
andO If the logic (S,L) defined by a (nonempty) subset O of observ¬ 
ables satisfies Axioms\^ and\^ and the physical system in question is a 
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proper quantum system, then L is an irreducible complete orthomodular 
AC lattice and there is a bijective correspondence (given by the support 
function) between the set P of pure states in S and the set At(L) of 
atoms in L. 

4. Filters and the projection postulate 

Assume now that the statistical duality satifies the stronger Axioms[ 2 ] 
andm The existence of a sufficiently large subset of observables O c O 
leading to the fundamental result of Corollary [T] goes together with the 
existence of a subset O of operations such that eoO = L. This suggests 
that the same conclusion could be reached by singling out a sufficiently 
large and regular set of operations. This is what we consider next. 

Remark 5. With the structure specified by Theorem [3] and Proposi¬ 
tions [1] and | 2 ] one may construct for each a G L a map 0a : S ^ S 
whose restriction on pure states is uniquely defined by s( 0 a(<T)) = 
(s(a) V a-*-) A a, a G P, and which has the typical properties of a state 
transformation caused by an ideal first kind measurement [5T[ [SSI IS]- 
Due to the properties of the support function s : S —?■ L the map 0a 
fails to be linear, that is, it is not an operation in the sense of Sec¬ 
tion 12.41 Apart from this the characteristic properties of such a 0a 
serve below as the defining properties of filters. 

4.1. Filters. Filters are a special kind of operations reflecting certain 
ideality properties that the so-called yes-no (or simple) measurements 
may or may not possess. The properties of filters have been discussed 
extensively in the literature, see, e.g. [HI [55l ESI ESI ESI IZQl jHl [H [3l [37] . 
This allows us to be brief in their introduction. The properties of filters 
are defined through their action on pure states. The definition thus 
presumes that the set P = ex(S) of pure states is not empty. 

An operation 0 G O is pure if 

(PI) 0(q!) G [0,1] • P for any pure state a G P, 
and an operation 0 is of the first kind if 

(FI) e(0(a)) = 1 implies 0(a) = a for any a G P, 

(F2) e(0^(a)) = e(0(a)) for any a G P. 

To define the ideality of an operation we hrst assume that any pure 
state can be identified by an operation; 

(SI) for any pure state a G P there is a unique 0 q, G C? such that 
e(0Q,(0)) = 1 implies 0 = a for any 0 G P. 

We then say that a pure operation 0 is ideal if 
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(II) e(0(a)) = e(^Q/(a)) for any a G P, with (f){a) ^ 0, where 
a' = e{(j){a))~^(f){a) and 4>a' as in (SI). 

A pnre, ideal, first kind operation is a filter wid we let Of denote the 
set of filters. We comment briefly on the defining properties of filters. 

The pnrity (PI) of an operation means that it takes a pnre state to 
a pnre state with a possible loss in the intensity. As pnre states may 
be interpreted as maximal information states, a pnre operation leaves 
the system in a maximal information state whenever it was in snch a 
state. 

With the so-called ideality assnmptions one nsnally aims at mini¬ 
mizing the inflnence on the state cansed by an operation performed on 
the system. In addition to the pnrity condition (PI) and the first kind 
conditions (FI) and (F2), the condition (II) aims at that. It claims 
that an ideal cj) maps any pnre state a onto an eigenstate of cj) closest to 
a, thns distnrbing the system to a minimal extent. This is the minimal 
distnrbance assnmption of Section 13.21 

Of the two first kind conditions (FI) and (F2), (FI) claims that if (j) 
does not lead to a detectable effect when performed on the system in a 
pnre state a then, provided that the operation is good enongh, it does 
not alter the state of the system, either. According to (F2), a repeated 
application of a good operation does not lead to a new effect. 

As an immediate conseqnence of the dehning properties of filters, 
we note that they are not only weakly repeatable (e(0^(a)) = e(0(a)) 
for any a G P) bnt also repeatable (0^(«) = 0(a) for any a G P). 
Moreover, filters satisfy the most common ideality reqnirement: if a 
good operation 0i is performed on the system in a pnre state a which 
is an eigenstate of a good operation 02 (he. e( 02 (a)) = e(a)) which 
commntes weakly with 0 i (i.e. 0 i o 02 and 02 o are isotonic), then 
01 leaves the system in a state which is still an eigenstate of 02 . 

We say that the set Of of filters is sufficiently rich if the operations 
of (SI) are filters and 

(S2) for each filter ^ Of there is another filter f E Of snch 
that e o 0' = (e o 0)-*-. 

Condition (SI), the identihcation of pnre states, expresses the common 
belief that any pnre state a can be prodnced by a particnlar selection or 
filtering process 0 q,, which nnder the conditions (FI) and (F2) receives 
the form 0 q.( 0) = e(0Q,(0))a for any 0 G P. The second snfficiency 
condition (S2) stipnlates that if an effect a can be obtained from a 
filter, that is a = e o 0 for some 0 G Of, then also its ‘negation’ 

= e — a can be prodnced by a pnre ideal first kind operation. 
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4.2. Projection postulate. The set L of propositions of the convex 
scheme (S, E) is now defined as the set of all decision effects a G 
ex(E) with nonempty certainly-yes-domain = {a G P | a{a) = 1} 
together with the null effect 0 , 

L = {a G ex(E) | a = 0 or 7 ^ 0}. 

For a given system (S,C?,E) the set Of of filters may be empty 
and the set L of propositions may be trivial {0, e}. However, for any 
0 G Oj, 0 7 ^ 0, the resulting effect e o cj) has a nonempty certainly- 
yes-domain (e o 0)^. By Remark [S] it is also natural to expect that 
for any a G L, a 7 ^ 0, there is a filter (j)a such that e o = a. With 
the projection postulate we confirm this expectation together with a 
unicity assumption. In that we also assume that the set of pure states 
is not only nonempty but is also strongly ordering on L, that is, it is 
ordering and for any /, G L, if 7 ^ 0, and ^ g^, then f < g. 

Axiom 7. The statistical duality (S,0,p) of AxiomslE (ind^^ satisfies 
the projection postulate if the set P of pure states is strongly ordering 
on L, the subset of filters Of c O is sufficiently rich and there is a 
bijective mapping $ : L —)■ Of with the property: a{a) = e(<I>(a)(a)) 
for every a G L and a G P. 

The projection postulate guarantees the existence of a sufficiently 
rich collection of the important class of operations associated with the 
pure, ideal, first-kind measurements, but it does not restrict the the¬ 
ory to such measurements only. Neither does it distinguish between 
classical and quantum descriptions. In any case, this postulate has 
strong structural implications on the order structure of the set L of 
propositions. They will be studied next. 

Lemma 1. For a statistical duality (S,0,p) satisfying the projection 
postulate, the set L of propositions is a nonempty partially ordered set 
with a e-)■ a-*- as orthocomplementation. 

Proof. Since P 7 ^ 0 the set Of of filters is nonempty and thus also 
L 7 ^ 0. The set ex(E) of decision effects is closed under the map 
a I—)■ a-*- = e — a. If a G L, with a = e o <l)(a), <|)(a) & Of , then by 
(S2) a-*- = e o $(a)' for some <h(a)' G Of, so that a-^ G L. Clearly, 
<h(a)' = <F(a''‘). Let 6 G L be such that b < a and b < a'^, and assume 
that 6 7 ^ 0. Then for any a G b^, a{a) = 1 and a-*-(a) = 1 which is 
impossible. Thus 6 = 0, that is, a Al O"'' = 0. The remaining claims 
are obvious. □ 
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Lemma 2. For any a, 6 G L, if a < b^, then a + 6 G L. Similarly, for 
any triple {a,b,c) of mutually orthogonal elements ofL, a + h,a + c,h + 
c, a + 6 + cGL. 

Proof. For a Fb, a + b < e. Now (a+ 6 )^ ^ U 7 ^ 0. Assume that 
a + b = \{f + g) for some /, G E. Then (a + bY = f^ F g^ so that 
a + b < f and a + b < g. Thus a + b = a + b+ ^{f — (a + b) + g — (a + b)), 
which implies that f = g = a+b, that is, a+b G ex(E). Hence a+b G L. 
Copying the argument for a triple of mutually orthogonal elements 
a, 6 , c G L one immediately concludes also that a + 6 + cGL. □ 


Corollary 2. For a statistical duality (S, 0,p) satisfying the projection 
postulate, the set L of propositions is orthomodular. 

Proof. Let a,b,c E L be a triple of mutually orthogonal elements. 
Then not only a + b,a + c and b + c but also a + 6 + c G L. This 
means that L is triangle-closed in the sense of [33] • By |391 Theorem 
3.2] this is equivalent to L C E being orthomodular, and, in particular, 
a + b = a+i^b for a,b E L, a < b-^. □ 

Lemma 3. For any a G P, e o g At(L). Moreover, L is atomic, 

that is, any a G L, a 7 ^ 0, contains an atom. The map P 3 a 

eo (pa E At(L) is a bijection, with eo (pa being the support of a. 

Proof. Let a G L, a G P, and assume that a < If a 7 ^ 0 then 

for any (3 E a^, = e(^Q,(/5)) = 1, so that by (SI) (3 = a, 

that is a} = {a}. Therefore $(a) = (pa, or equivalently, a = 

which entails that for any a G P, is an atom. Clearly, for any 

a G L, one has ((/)„) = e o (pa < a for all a G a^. □ 


Lemma 4. The set P of pure states is sufficient for L, and L has the 
Jauch-Piron property. 

Proof. The sufficiency of P for L is obvious. Let a, fe G L be such that 
n 7 ^ 0. For any a G fl 6^, e o is contained both in a and in b 
and e{(pa(y-) = 1- □ 

We observe that the range E(.4,) of an observable E G O is Boolean 
if it is contained in L. Therefore we may again justify the separability 
assumption of L with the requirement that any Boolean subsystem of 
L could be realized as the range of an observable. With the separability 
assumption, L thus acquires the structure specihed in Theorem [3l By 
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virtue of Proposition O the ideality property (II) of filters then gives 
the covering property. Hence we have the following. 

Theorem 4. If the operational description (S, C?, E) defined by Axioms 
m and [7] satifies the projection postulate and L = {a G ex(E) | of 7 ^ 
0 or a = 0} is separable, then L forms a complete atomic orthomodular 
orthocomplemented lattice with the covering property. Moreover, the 
support function gives a bijective correspondence between the pure states 
in S and the atoms o/L. 

To get the irreducibility of L it is most straightforward to require 
that any two pure states can be superposed into a new pure state. With 
the structures given by the projection postulate we may immediately 
adopt Dehnition [3] to conclude that for a proper quantum system the 
structures of Corollary [T] are again available. 

It is to be emphasized, however, that even though the two sets of 
axioms pms] and piTITT] lead to the common structure of Corollary [H 
the hrst approach starts with the weaker assumptions concerning the 
pair (S,E). Therefore, it is concievable that there are pairs (S,L) 
with the structure of this corollary appearing as models for the first 
approach but not for the second approach. 

5. Hilbert space coordinatization 

5.1. The basic problem. In the Hilbert space formulation of quan¬ 
tum mechanics the pair (S, E) is given as the sets of density operators 
and effect operators on a complex separable Hilbert space, whereas L is 
identihed as the set of (orthogonal) projections on it. It is a deep theo¬ 
rem of Gleason j27] which assures that all the probability measures on 
L arise from the density operators through the familiar trace formula^ 

Untill now we have presented two sets of axioms for the structures 
(S,E) and (S, L) associated with a proper quantum system. The re¬ 
maining problem of this axiomatic approach is to show that the only 
realization of this abstract structure is the one given by the Hilbert 
space quantum mechanics. In the following we present an outline of 
the solution of this problem, including some still open, critical points. 

The traditional way of approaching the problem has been to isolate 
hrst the structure of L and to look for the models of this structure 
alone. Then, only after having obtained the models of L, the structure 
of S is added and E is determined. One might expect that this way of 
voluntarily neglecting a good part of the basic structures of the pairs 

^For a detailed discussion of this theorem, see, e.g. [M] 
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(S,E) and (S, L) cannot be the most optimal approach. We return to 
this question later. 

5.2. The fundamental representation theorem. Let iL be a di¬ 
vision ring with an involutive antiautomorphism A i—)■ A* (such that 
(A -I- /i)* = A* -|- /i*, (Ap)* = A** = A) and let Id be a (left) vector 

space over K. A Hermitian form on 1/ is a mapping f : V x V ^ K 
with the following properties: for any n, n, tc G Id, A, /U G K, 

/(An -d pn, w) = Xf{u, w) + p/(n, w) 

f{u,v)* = f{v,u) 

f{v, n) = 0 implies n = 0. 

If V admits a Hermitian form / we say that Id, or rather (\d, K, *, /), is 
a Hermitian space. A subspace M C Id of a Hermitian space is f-closed 
if M = where 

M-^ = {n G Id I f{v, x) = 0 for all x G M}. 

Let Lj(ld) denote the set of all /-closed subspaces of Id. In addition 
to the trivial subspaces {0} and Id any hnite dimensional subspace is /- 
closed. Clearly, if Id is inhnite dimensional they do not exhaust the set 
L/(ld). The subset inclusion C together with the map M i—)■ M-*- give 
L/(ld) the structure of an irreducible complete orthocomplemented AC 
lattice. The converse result is a fundamental representation theorem 
of projective geometry, proved in detail, for instance, in |151 Theorem 
34.5]: 

Theorem 5. If L is an irreducible complete orthocomplemented AC 
lattice of lenght at least f, that is, the lenght of a maximal chain is 
> 4, then there is a Hermitian space {V, K,*, f) such that L is ortho¬ 
isomorphic to the lattice Lj(ld). 


A Hermitian space (Id, K,* , /) is orthomodular ii for any M G Lj(ld), 

M + M^ = Id. 

A Hermitian space (Id, K, *, f) is known to be orthomodular if and only 
if the lattice Lj(ld) is orthomodular, see e.g. |5^ Theorem 2.8]. Thus 
we have the following corollary: 

Corollary 3. Assume that L is an irreducible complete orthocomple¬ 
mented orthomodular AC lattice of length at least f. Then there is 
an orthomodular space {V, K,*, f) such that L is ortho-isomorphic to 
Lj(ld), in short, L ~ Lj(ld). In particular, all the finite dimensional 
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subspaces of V are in i-ijiV) and the atoms of i^f{V) are the one¬ 
dimensional subspaces of V. 

The pure states a e P are in one-to-one onto correspondence with 
the atoms [n] = {An | A G K} G hf{V) and they are uniquely deter¬ 
mined by their values on the atoms, that is, by the numbers a[^]([M]) G 
[0,1], [n] G At(L/(l/)). It is to be stressed that this corollary does not 
yet give any information on the structure of the real numbers a[^]([n]); 
in particular, it is not known if a[^]([n]) could be related to the K- 
number f{u',v') for some v' G [n],n' G [u]. If such a conclusion could 
be reached then K should be an extension of M. 

The well-known models for an orthomodular space (V, K,*, f) are the 
classical Hilbert spaces "H over M, C, or H, the quaternions. In these 
models, the form / is the scalar product on V and by Gleason’s theorem 
the probabilities «[„]([«]) are of the form «[.„]([«]) = \f{v',u')\‘^ for any 
v' G [v\,u' G [n] with f{v',v') = f{u',u') = 1, provided that dim(?f) > 
3 which is the case in Corollary [31 However, the Hilbert spaces do not 
exhaust the orthomodular spaces. In the hnite dimensional case this is 
evident, as shown by a simple example. 

Example 1. Any hnite dimensional Hermitian space (H, K, *, f) is or¬ 
thomodular and each subspace M of H is /-closed, see, e.g. j32]. Hence 
the lattice Lj/H) of /-closed subspaces coincides with the lattice L(I/) 
of all subspaces of V, which is modular (and thus also orthomodular). 
It is obvious that the space (V, K,*, f) need not be a Hilbert space. To 
witness, consider the hnite-dimensional rational vector space Q” with 
the natural form /(q, p) = ^11=1 QiPi- form / is Hermitian so that 
(Q"-, Q, /) is an orthomodular space. Clearly Q” is not complete 
with respect to the distance dehned by /. We return to this example 
in Sect. 15.41 where we study probability measures on L/(Q"'). 

This example leaves open the inhnite dimensional case. In his sem¬ 
inal paper [35] Keller was able to construct an explicit example of an 
inhnite dimensional orthomodular space that is very far from being a 
Hilbert space. Further examples emerged later |28| . and we now know 
that there are plenty of orthomodular spaces other than the classical 
Hilbert spaces. The problem then arises to characterize the Hilbert 
spaces among the orthomodular spaces. This is solved in the next 
subsection. 

5.3. A theorem of Soler. 
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Theorem 6. [Soler, [SO]/ Let {V,K,*,f) be an orthomodular space. 
The division ring K is either R, C or El and {V., K,*, f) is the corre¬ 
sponding Hilbert spac^ if and only if there is an infinite sequence of 
nonzero vectors Ci, i = 1, 2, • • • such that f{ei, Cj) = 0 for all i ^ j, 
with the property f{ei, Ci) = f{ej, ej) for all i,j. 

This remarkable result characterizes the Hilbert space models of the 
orthomodular spaces in a, perhaps, unexpected way. We emphasize 
that in this theorem V is required to be infinite dimensional and or¬ 
thomodular. The next two examples demonstrate that neither of these 
assumptions can be relaxed. 

Example 2. The vectors (1, 0,..., 0),... (0,..., 0,1) form an orthonor¬ 
mal basis in (Q”,Q, ^'^,/) but the space, though orthomodular, is not 
a Hilbert space. 

Example 3. Consider the infinite dimensional vector space V = £ 2 ( 0 .) 
of the square summable sequencies of rational numbers q = {qi,q 2 ,q 3 ,...) 
with the Hermitian form /(q, p) = The lattice hf{V) 

of /-closed subspaces is a complete, irreducible AC lattice of infi¬ 
nite lenght but it is not orthomodular. The vectors (1, 0,..., 0,...) 

... (0,..., 0,1, 0,...) ... form an orthonormal basis in V which is not a 
Hilbert space. 

For L ~ hf{V) the existence of a sequence of mutually orthogo¬ 
nal vectors (cj) in V follows from the assumption that L contains 
an infinite sequence of pairwise orthogonal atoms. Such an assump¬ 
tion is physically well motivated e.g. by the spectroscopic data or by 
the assumption that the quantum system can be localized in an Eu¬ 
clidean space. It is then worth stressing that, contrary to our intuition 
that comes from using complex numbers, it is the ‘norm’ requirement 
f{ei, Ci) = f{ej, ej) that is here highly non-trivial. Indeed, suppose that 
/(ej, ej) = A and f{ei, ej) = 0. We have to find an element p G /T such 
that fif{ej,ej)n* = A; in this way f{nej,nej) = /(ei,ej), see Sect. 15.41 
This is a quadratic equation in K that cannot be solved in general. In R 
or C one would simply take the square root of the positive number AA* 
whereas e.g. in Q this would not work. For instance, a one-dimensional 
subspace [q] = {Aq | A G Q} of (Q”, Q, /) contains a unit vector only 
ifkE qf is rational. 

Combining Corollary |3] with the theorem of Soler we get the follow¬ 
ing: 

Hi K = R then * is the identity. For K = C the map * cannot be the identity 
and if it is continuous then it is the complex conjugation. For K = M. the map is 
the quaternionic conjugation. 
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Theorem 7. Assume that L is an irreducible complete orthocomple- 
mented orthomodular AC lattice that contains an infinite sequence of 
orthogonal atoms. Then there is an orthomodular space {V., K, *, /) such 
that L is orthoisomorphic to LfiV). K is M, C, or El and {V,K,*jf) 
is the corresponding Hilbert space if and only if V contains an infinite 
sequence of mutually orthogonal vectors {vi) with the property 

(7) f{vi,Vi) = f{vj,Vj) foralH,j. 

By assumption, there is an infinite sequence of orthogonal vectors. 
The essential question is which properties of (S, L) would imply that 
such a sequence could be chosen to have the ‘norm’ property (jT]). 

Purely lattice theoretical conditions on L are known that are suffi¬ 
cient to ensure that L ~ L('H) for a Hilbert space TL. We can refer 
to the so-called ’angle bisection property’ |50] or the existence of ’har¬ 
monic conjugate’ pairs of atoms |65l|32]. They are of geometric nature 
and, in the light of the present understanding, they seem to lack any 
physical interpretation. Therefore, they are not useful for the axiomatic 
scheme followed here. 

The necessary and sufficient conditions for the conclusion L ~ L('H) 
of Theorem Hare expressed in terms of (H, /). One might expect that 
the assumptions of this theorem together with the full structure of the 
pair (S,L), in particular, the bijection between P and At(L), could 
already force L to be a Hilbertian lattice. We investigate some aspects 
of this question in Sect. [6], although to the best of our knowledge, this 
problem remains still largely open. 

The other two remaining questions are: what can be said if L has 
only a finite length, and how can the states be represented, once we 
have represented L. 

As concerns the latter question we recall that if (V, iP, *, /) is a clas¬ 
sical Hilbert space of dimension at least 3, then all the probability 
measures on L = L/(l/) are described by Gleason’s theorem. Accord¬ 
ing to it, for any probability measure a on hf{V), there is a unique 
positive trace one operator p ■. V ^ V such that, for any M G LffV), 
we have a{M) = tr^pP^], where Pm is the projection onto M. For 
dim(l/) = 2, the set of all probability measures on Lj(l/) is, however, 
much bigger than those defined by the density operators. But these ad¬ 
ditional probability measures are not supported by Lj(l/); for details, 
see O Sect. 25.2]. To the best of our knowledge, there is no empirical 
evidence which would require the use of such probability measures as 
states of a two-level quantum system. 

The situation is very different when (H, JF, *,/) is not a classical 
Hilbert space. Very little is known of the probability measures on 
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the lattices Lif{V). Keller [HB] gives examples of nonclassical hf{V) 
for which one may construct a rich supply of probability measures 
m : Lj(K) —)■ [0,1], see also |281 Problem 7]. No classihcation the¬ 
orem of the Gleason type is available for these examples, and it also 
seems that for them there is no one-to-one correspondence between 
pure probability measures and atoms of hf{V). 


5.4. Finite dimensional case: an example. As already noted above, 
the structure of a quantum logic (S,L) satisfying L ~ L/(G) with 
dim(l/) < cx) may be substantially different from the inhnite dimen¬ 
sional case. To emphasize this further we continue Example [T] with 
determining the set of states S for the logic Lj(Q”). 

Consider the rational orthomodular space Q" with the lattice L(Q”) = 
Lf(Q"'). For any M G L(Q"') one has = M + M^. Hence for 
each q G Q” there is a unique decomposition q = qi -|- q2, with 
qi G M, q2 G M-^. This entails that the map Pm : Q" ^ Q"" 
dehned by PmQ = Qi is linear, idempotent and Hermitian, that is, 
/(q,PMP) = /(^Mq,p) for all q, p G Q”. For any atom [v] G L(Q"), 
one may thus dehne the map ajv], with 


( 8 ) 


a[v] {M) 


fiy, Pmv) 
/(v,v) 


which is a probability measure on L(Q”) and its support is the dehning 
atom, that is, s(a[v]) = [vj. Clearly, the mapping a[v] i-g- s(a[v]) gives a 
one-to-one correspondence between the set of probability measures on 
L(Q”) of the form and the set of atoms of L(Q"'). 

Let Pat be the set of states dehned by the atoms of L(Q”'), that is, 
G Pat if a = a[v] for some v G Q”', v 7 ^ 0. Any cr-convex combination 
of states (a[vi])j>i with weights (Ai)i>i is again a state (probability 
measure) on L(Q”'). We let Sat denote the set of all such states. It 
has all the regularity properties of Section 13.21 including the strong 
ordering on L(Q”). First of all, each a G Sat has a support in L(Q"); 
if a = then s{a) = V{[vj] | A* 7 ^ 0}. Moreover, if s{a) = [v] 

for some atom [v], then a = ajv]. Secondly, ex(Sat) = Pat, which also 
conhrms that the restriction of the support projection to Pat dehnes a 
bijection between the sets ex(Sat) and At(L(Q"')). 

Let S denote the set of all probability measures on L(Q"). We 
demonstrate next that Sat is a proper subset of S. 

To begin with, we note hrst that L(Q"') can be naturally embedded in 
L(M"'). Indeed, for M G L(Q”), choose an orthogonal basis ci,..., e^, 
k < n, with M = span^lei,..., Ck}, and dehne M = spauj^lei,..., Ck}- 

Then L(Q”) 3 M ^ M ^ L(M"') is an injective mapping. 
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Fix a nonzero vector v G M” snch that at least one of its components 
is irrational. For M G L(Q”') define 

/ v I p —'V \ 

(9) «m(M) = VfV’ 

( V I V ) 

where (■ | •) denotes the natural inner product in M”. Clearly, a[v] is 
a probability measure on L(Q"'). However, for any q G Q”,q 7 ^ 0, 
a[v]([q]) 7 ^ 0, which shows that a[v] has not support in L(Q”'). Hence 
a[v] is not in Sat- 

This example shows that the subspace lattice L(Q”) of the non- 
Hilbertian orthomodular space (Q”,Q,“^,/) admits a rich subset of 
states Sat fhat has all the listed regularity properties. Therefore, one 
could consider (Sat, L(Q"')) as a logic of a proper quantum system. In 
this case the logic admits also additional probability measures which 
cannot be considered as states of the quantum system since they are 
not supported in L(Q"') . 

One may speculate whether (H, K,*, f) can be forced to be a classical 
Hilbert space by requiring that the set of all pure probability measures 
is defined on hf{V) so as to be in one-to-one correspondence with the 
atoms of hf{V). Although this seems to be an appealing property, it 
remains a conjecture for now, or rather, a hope for the future. 

6. The role of symmetries in the representation theorem 

In his authoritative review [32] Holland formulated the axiom of am¬ 
ple unitary group according to which for each pair of mutually orthog¬ 
onal vectors u,v E V there is a bijective linear map U : V ^ V such 
that U{v) = u and f{Ux, Uy) = f{x, y) for each x,y E V. Clearly, this 
assumption does the job. However, this is a very strong assumption, 
and, in any case, it is not a property given by the pair (S, L). Rather 
than accepting this postulate we follow [TO] to elucidate the physical 
content hidden in such an axiom. 

6.1. Implementing symmetries as operators on V. The idea of 
symmetry receives its natural mathematical representation as a trans¬ 
formation on the set of entities the symmetry refers to. The basic 
structures are now coded in the sets L and S and in the duality be¬ 
tween them. These sets possess various physically relevant structures 
which dehne the corresponding automorphism groups. From the out¬ 
set any of them could be used to formulate the notion of symmetry 
in quantum logic. In view of the theorem of Soler we shall consider 
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only two of them; symmetries of the set At(L) of atoms of L, and the 
symmetries of the logic L0 

Definition 5. a) A mapping '■ At(L) —)■ At(L) is an orthosymmetry 
if it is bijective and for any p,q & At(L), 

p ±q i^(p) _L 4(g). 

b) A mapping £ : L ^ L zs a symmetry if it is bijective and it preserves 
the order and the orthocomplementation, that is, for any a,b Eh, 

a <b i{a) < £{b) 

= £(a)-‘-. 

Let Anto(At(L)) and Aut(L) denote the sets of orthosymmetries 
and symmetries on L, respectively. Both of these sets are gronps with 
respect to the composition of mappings. Moreover, any symmetry i, 
when restricted to At(L), dehnes an orthosymmetry. 

Assnme now that the logic L allows a vector space coordinatization 
of the form L ~ hf{V) for an orthomodular space {V, K,*, f). Any 
4 £ Auto (At (L)) as well as £ G Aut(L) dehnes the corresponding 
automorphism on the set P(ld) of atoms of hf{V) and on the whole 
hf{V), respectively. We continue to denote them as 4 and i and call 
them orthosymmetry and symmetry, respectively. 

Lemma 5. Let 4 £ Auto(P(P)). There is a unique symmetry 4 £ 
Aut(L/(l/)) such that 4(H) = £oi[v]) for all [n] G P(P). Moreover, 
the map Auto(P(P)) 9 4 ^ Aut(Lj(P)) is a group isomorphism. 

Proof. Let 4 G Auto(At(L/(l/))) and dehne for any (nonempty) 
subset M C V, M ^ {0}, 

i^{M) = {xE 4(H) \vEM,v^0} 

and put 4({0}) = {0}. Since Auto(At(Lj(l/))) is a group we also 
have £~^ dehned in the same way. A direct computation shows that 
£o{£~^{M)) = KM and £~^{£o{M)) = KM. Indeed, for any (nonempty) 
M, M 7 ^ {0}, we have 

EhUm)) = {«- e 4‘(M) I >' e i{M)] 

= {w E ^0 ^([n]) I V E £o{[x]),x E M,x ^ 0} 

= {w E £o^{£o{[x])) H G M,a; 7^ 0} 

= {w E [x]\x E M,x 0} = KM, 

"^Various definitions of the notion of symmetry in quantum mechanics are studied 
e.g. in pgS]. 
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and if M = {0}, then ^(/o({0}) = {0}. Similarly, one gets the other 
set eqnality. If M is a subspace, then 

Ut^\M)) = M , Wo{M)) = M. 

Using the fact that for any two (nonzero) vectors u,v & V and for 
any io E Auto(At(L/(U))), f{u,v) = 0 is equivalent to [u] A [n] and 
to ^o(M) A ioi[v]) (meaning that f{x,y) = 0 for any x E £o{[u\),y E 
£o{[x])) one easily verihes that 

4(M)^ = 4(M^) 

for any (nonempty) set M E V. 

Let now M E Lj(U). Since M = (M-*-)-*-, we have io{M) = 
so that by [Ml Lemma 4.35] io{M) is an /-closed subspace of V, that 
is, 4(M) G Lf{V). Hence, the map Lj(U) 3 M ^ io{M) E Lf{V) is 

well-dehned. Clearly, it is a bijection, with the inverse {£o)~^ = ^o^-, 
it preserves the orthocomplementation and, by construction, also the 
order. Therefore, for any £o E Auto(At(Lj(U))), io E Aut(Lj(U)). 

For any v E V,v ^ 0, io{[v]) = io{[v]), which shows that £o ex¬ 
tends the map £o- Let £ G Aut(Lj(U)) and assume that it is another 
extension of £o. Since the lattice Lj(I/) is atomistic we now have 

£{M) = £{\/{[v]\[v]C M}) =y{£{[v])\[v]C M} 

= V{£o(H) I [v] C M} = V{/o(H) I [v] C M} 

= £o{\/{[v]\[v]GM})=£o{M) 

for any M E Lj(U), showing that £ = £o, that is, the extension is 
unique. The map Auto(At(Lj(U))) 3 £o ^ £o E Aut(Lj(U)) is thus 
well-dehned. Its injectivity and surjectivity are obvious and it also 
preserves the group structure: £~^ = {£o)~^ and £o o £'^ = £o o £'^ for all 
fo,£(,G Auto(At(L/(U))). □ 

Let L(U) be the (complete, irreducible, modular, AC) lattice of all 
subspaces of V and let Aut(L(U)) be the group of order isomorphisms 
on L(U). Let F(U) = {L G L(U) | dim(A) < oo} and recall that 
P(U) C F(U) C hfiy). Note also that any M E L(U) can be ex¬ 
pressed as M = U{L G F(I/) | L C M} = V{L G F(U) | L C M}, and 
£{L) E F(U) for any L E F{V),£e Aut(L/(U)). 

Lemma 6. For any £ E Aut(L/(U)) 

= U{£{L) \LCM,Le F(U)} 
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defines an order-preserving bijection : L(l/) L(^) which extends 

the map i. 

Proof. This is an adoptation of the proof of pTl Lemma 1]. We show 
first that G ^{V) for any M G LCP). Indeed, if x G then 

X G i{L) for some L G F(y),L C M, and thus Xx G £{L) C 
for any X E K. Moreover, if n G ^AM), then y G i(H) for some 
H G F{V),H C M, and thus 

x + y G i{L) + e{H) = e{L) y e{H) 

= i{L\/H) =e{L +H) 

since the subspaces involved are all hnite dimensional. Hence ^i{M) G 
L(H) for any M G L(H). 

To prove that the map has an inverse, we need the following 
observation: 

[H = i{L) I L G F{V),L CM} = {He F{V) \ H C 
Since £ G Aut(L/(I/)) is a group, we also have 

(M) = U{£-\L) I L C M, L G F(H)}, 
and using the above observation one quickly confirms that 
$,-i(<h,(M)) = -i(M)) 

for any M G L(I/). Hence, for any £ G Aut(L/(I/)) the map : 
L(I/) —)■ L(I/) is a bijection, with the inverse By dehnition 

the map preserves the order, that is, <h^(M) C if and only 

if M C for any M,N E L(I/). Hence, G Aut(L(I/)) for any 
£ E Aut(L/(I/)) 

We show next that $£ extends £. Let M E FfiV) C L(I/). Since 
$^(M) = U{£(L) I L E F(H), L C M}, £{M) = U{H \ H E F{V),H C 
£{M)}, and H C £{M) if and only if H = £{F),F E F(I/), F CM, we 
observe that ^^(M) = i{M). Since any M E L(I/) can be expressed 
as M = V{L I L E F(F), L C M} one easily verifies that is the only 
order isomorphism of L(F) which extends £ E Aut(L/(F)). □ 

Let S': F —)■ F be a bijective map which is ^'-linear, that is. S' is bi- 
jective and additive on F, g an isomorphism of K, and S{Xv) = g{X)Sv 
for all n G F and X E K. Such an S' induces an order isomorphism 
on L(F) by <h 5 (M) = {Sv \ v E M}, and if S' is another bijective 
h-linear map F ^ F inducing the same order isomorphism, that is, 
'f’s = ‘f’sG then there is a A G AT such that S v = XS' v for any v E V 
[21 Proposition HI.1.2, Corollary HI.1.2]. The hrst fundamental the¬ 
orem of projective geometry [21 p. 44] gives the converse result: if 
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dim(y) > 4, then for any $ G Aut(L(y)) there is an isomorphism 
g : K ^ K and a bijective ^f-linear map S : V ^ V inducing $. 

Let io G Auto(P(i4)) and let : P —)■ P thus be a bijective gi-liweax 
map which induces the extension G Aut(L(l/)) of the extension 
£ G Aut(L/(l/)) of io- Thus, for any v G V,v ^ 0, 

Si{Kv) = ^i{Kv) = i{Kv) = io{Kv). 

Since io preserves the orthogonality of atoms, the one-dimensional sub¬ 
spaces Si{Ku) and Si{Kv) are orthogonal if and only if Ku and Kv are 
orthogonal, that is, f{Ku, Kv) = 0 if and only if f{Si{Ku), Si{Kv)) = 

0 . 

A direct computation shows that the map 

(n, v) H- g;[\f{Siu, Sev)) =: f{u, v) 

is a Hermitian form on {V,K,*) such that f{u,v) = 0 if and only if 
f{u,v) = 0 for all u,v G V. By virtue of the inhnite dimensional 
version of the Birkhoff - von Neumann theorem |l5] there is a nonzero 
Pi G K such that f{u,v) = pif{u,v) for all u,v eV. Moreover, pi is 
a symmetric element of K, and since A e-)■ A* is an antiautomorphism 
of K one also has Xpi = piX for all A G K, that is, pi G Cent (AT), the 
centre of K. 

Corollary 4. For any io G Auto(P(14)) there is an isomorphism gi : 
K ^ K and a bijective orthogonality preserving gi-linear map Si : 
V ^ V such that 

(10) io{Kv) = Si{Kv) 

for any v E V, v ^ 0. Moreover, there is a pi E Cent(iL), pi ^ 0, 
Pe = Pi, such that 

(11) f{Siu, Siv) = gi{pi)gi{f{u, n)) 

for all v,u E V . 

This corollary is a precursor of the theorem of Wigner according to 
which the ‘transition probability preserving bijections on the set of pure 
states’ are implemented by unitary or antiunitary operators acting on 
the underlying Hilbert space FL of the standard logic L = L(?f) jSl]. In 
that frame, the orthosymmetries are exactly the transition probability 
zero preserving bijections on the pure states. If dim('H) > 3 then 
this group coincides with the group of transition probability preserving 
bijections on the set of pure states [9l Corollary 4]. Now the length of 
L is at least 4 so that dim(l/) > 3. 
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6.2. Symmetries and the Soler conditions. We now study the role 
of symmetry in providing a partial justification of the assumptions of 
Soler’s theorem. Clearly, the result is obtained if L ~ hf{V) has the 
following property: Given any two mutually orthogonal atoms [x] , [y] G 
Lif{V), there are nonzero vectors x' G [x\ and y' G [y] such that 

(12) f{x\x') = f{y\y'). 

Before investigating the conditions the theorem of Soler imposes 
on the set of symmetries, we recall that a proper quantum object is 
an elementary quantum object with respect to a group G of (for in¬ 
stance, space-time) transformations if there is a group homomorphism 
(T : G —Auto(P(C)) and if for any pure state (atom) [n] G P(C), the 
set {o'g([n]) I G G} of pure states (atoms) is complete in the sense of 
superpositions, that is, any other pure state (atom) [u] G P(P) can be 
expressed as a superposition of some of the pure states (atoms) crg([n]), 
<7 G G. Even though this does not solve our problem, it shows that 
for an elementary quantum object the set of symmetries Auto(P(P)) 
is rather large and the notion of superposition has a role in it. The 
next lemma binds the above condition (IT^ more tightly to the issue at 
hand. 

Lemma 7. Let [x], [y] be any two mutually orthogonal atoms in Lj(y). 
If there are nozero vectors x' G [x] and y' G [y] such that /(x',x') = 
fiy'i y') then there is an io G Auto(P(y)) which swaps [x] and [y], that 
is, G(N) = [y] CLnd Ioi\y]) = N- Moreover, there is a [x] < [x] V [y] 
such that io{[v]) = [x]. 

Proof. Let M = [x] V [y] = [x] © [y]. Clearly, [x] = [x'j, [y] = [y']. 
Any u E M can be written uniquely as x = ax' + jSy', a,/? G K. Fix 
A G Cent(A'), A 7 ^ 0, and dehne 

Um{u) = UM{oix' + jdy') = \{ay' + jdx). 

The map Um is a linear bijection on M, and for any x, x G M, 
A/(x,x)A* = f{UMU,UMv). Let x = x' + y' and observe that [x] 
is hxed by Um- Since M is /-closed, V = M + so that any 
w E V can uniquely be decomposed as tc = x;i + tX 2 , with txi G 
M,W 2 E M^. We dehne a canonical extension of Um to the whole V 
by Uw = U (txi + W 2 ) = UmWi + Xw 2 - Then G is a bijective linear map 
on V. Moreover, f{Uw,Uv) = \f{w,v)\* for all w,v E V, and for 
each X G M, Uu = Umu. Hence, in particular, 

^c/(N) = M, *i’c/([2/]) = N, *i'c/(N) = N- 

□ 
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This lemma shows that condition flT^ implies the existence of a 
special symmetry of Lj(l/) that interchanges the two orthogonal atoms 
[x] and [y\ and has a superposition of them as a fixed point. 

To get the opposite implication, and thus come to the final conclu¬ 
sion, we add the following two assumptions, the first concerning the 
group Auto(P(l^)), the second the form /; 

(A) The symmetry group is abundant in the following sense: 
for any pair of mutually orthogonal atoms [x], [y] G P(P) there 
is a symmetry io G Auto(P(P)) that swaps [x] and [y], that 
is, = [y] and £o{[y]) = N, and has some of their su¬ 

perpositions as a fixed point, that is, f'o([n]) = [n] for some 
H < [x] V [y]] 

(R) The form / is regular in the following sense: for each 
V E V, f{v,v) G Cent(A"), and g{f{v,v)) = f{v,v) for any 
automorphism g of K. 

Lemma 8. Let [x], [y] be any two mutually orthogonal atoms in Lif{V). 
If the group Auto(P(P)) is abundant and the form f is regular then 
there are nonzero vectors x' G [x] and y' G [y] such that f{x', x') = 

f{y',y')- 

Proof. Let io G Auto(P(P)) be an orthosymmetry swapping the atoms 
[x] and [y] and having a [x] < [x] V [y] as a fixed point. Let Si,gi,pi 
constitute a realization of io as given in Corollary 01 Applying Eq. 
dn]) first to the vector v and its transform Siv = Ax, X E K, one gets 
9e{pe) = XX*. Applying then the same equation to x and Six = ay, a E 
K, one gets 

f{ay, ay) = geipe)geifix, x)) = A/(x, x)A* = /(Ax, Ax) 
which completes the proof. □ 

We summarize the results of this section in the form of a theorem. 

Theorem 8. Assume that the logic (S,L) of the statistical duality 
(S,0,p) has the structure of Corollary Assume that the system has 
an abundant set of ortho symmetries. If there is an infinite seguence of 
mutually orthogonal atoms in L, and if the form f of the coordinatiza- 
tion {V, K,*, f) of the logic is regular, then V is a Hilbert space over 
M, C, orH, andfj is (ortho-order) isomorphic with the lattice of closed 
subspaces of the Hilbert space V. 
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With this theorem the statistical duality (S, 0,p) of a proper quan¬ 
tum system is completely resolved: the states a G S of the system 
are identihed with positive trace one operators p of an inhnite dimen¬ 
sional classical Hilbert space "H, the observables (E,f2,^) G O are 
expressed as semispectral measures, also called normalized positive op¬ 
erator measures, taking values in the set of bounded operators on "H, 
and the numbers p{a, E,X) are determined to be given by the ‘Born 
rule’ p(q:, E,X) = tr[pE(X)]. The pure states are the one-dimensional 
projections and the L-valued observables are the spectral measures. 

We are left with the question whether the regularity of the form /, 
the requirement (R), can be stated as a property of the logic (S,L) 
of the duality (S,0,p). Another open question is the choice of the 
number held left open by Theorem [6l We close our paper with a short 
comment on this. 

It is well known that the complex Hilbert space "H is in many respects 
simpler than the real or quaternionic Hilbert spaces. We recall only the 
powerfull polarization identity (valid in the complex case) and the for¬ 
mulation of the Stone theorem which is of fundamental importance. 
But is the choice C only a mathematical convenience? Some of the 
differences between the three cases have been discussed already in [31 
Chapter 22]. In addition to that we mention here the work of Pulman- 
nova [53] where a symmetry argument is given to rule out the real and 
quaternionic choices for K. Finally we note that the cases of Hilbert 
spaces over C and R can be distinguished in terms of the different lower 
bounds obtained in the respective derivations of Heisenberg-Kennard- 
Robertson -type preparation uncertainty relations |38j . 

Acknowledgement. We are grateful to Drs Paul Busch and Maciej 
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